: Models for hydrodynamic force and torque Finite particle Reynolds number Near-wall effect Particle-resolved simulation Sub-grid scale model Eulerian-Lagrangian simulation a b s t r a c t This research work is aimed at proposing models for the hydrodynamic force and torque experienced by a spherical particle moving near a solid wall in a viscous fluid at finite particle Reynolds numbers. Conventional lubrication theory was developed based on the theory of Stokes flow around the particle at vanishing particle Reynolds number. In order to account for the effects of finite particle Reynolds number on the models for hydrodynamic force and torque near a wall, we use four types of simple motions at different particle Reynolds numbers. Using the lattice Boltzmann method and considering the moving boundary conditions, we fully resolve the flow field near the particle and obtain the models for hydrodynamic force and torque as functions of particle Reynolds number and the dimensionless gap between the particle and the wall. The resolution is up to 50 grids per particle diameter. After comparing numerical results of the coefficients with conventional results based on Stokes flow, we propose new models for hydrodynamic force and torque at different particle Reynolds numbers. It is shown that the particle Reynolds number has a significant impact on the models for hydrodynamic force and torque. Furthermore, the models are validated against general motions of a particle and available modeling results from literature. The proposed models could be used as sub-grid scale models where the flows between particle and wall can not be fully resolved, or be used in Lagrangian simulations of particle-laden flows when particles are close to a wall instead of the currently used models for an isolated particle.
Introduction
The wall-bounded particle-fluid two-phase flows exist widely in numerous industrial and natural processes, such as the solidfluid flow in industrial pneumatic conveying ( Laín and Sommerfeld, 2012 ) , the flows in a pump, the flows in fluidized bed ( Capecelatro et al., 2014; Lu et al., 2013 ) , sediment deposition and transport in rivers ( Kidanemariam et al., 2013 ) . One of the crucial phenomena in such flows is the interaction between particles and a solid wall.
This research work is basically interested in the motion of a single spherical particle close to a solid wall in fluid flow at finite particle Reynolds numbers. It is an elemental process in the particlefluid two-phase flows and an important ingredient in treating boundary condition in numerical simulation of such flows. The particle-resolved direct numerical simulation (PR-DNS) has been emerging as a powerful research tool for particle-fluid two-phase flows. It can be used to track the motion of particles, fully resolve of lubrication force ( Dance and Maxey, 2003; Portela and Oliemans, 2003 ) . The asymptotic formulae ( Dance and Maxey, 2003; Nguyen and Ladd, 2002 ) of lubrication force and torque can be applied to resolve the particle-wall interaction. For example, the normal force correction can be expressed as
where u ⊥ is the particle velocity normal to the wall and = δ/R is a prescribed dimensionless distance cutoff below which the hydrodynamical force is compensated, δ is usually set to be one or two grid sizes, R is the radius of the particle, ε ≡ h / R represents a small dimensionless gap, and h is the gap between the particle nose and the wall, μ is the dynamical viscosity coefficient of the fluid ( ten Cate et al., 2002 ) . However, the current models for lubrication force and torque are based on the assumption of the Stokes flow, which might not be suitable for cases at finite particle Reynolds numbers. Here, the translational particle Reynolds number is defined as
where d p = 2 R is the diameter of particle, u is the particle velocity, and ρ f is the density of fluid. Therefore, the objective of this work is to develop new models for the hydrodynamic force and torque at finite particle Reynolds numbers. The new models can be used in two major applications. First, they can be used as sub-grid models in PR-DNS calculations where the flow in the gap between the particle and wall can not be sufficiently resolved. They can be used in any PR-DNS approaches, such as lattice Boltzmann method ( Ladd, 1994a; 1994b ) , immersed boundary method ( Lucci et al., 2010 ) and fictitious particle method ( Shao et al., 2012 ) . Second, they can be used in Lagrangian simulations of particle-laden flows to replace the currently used model for an isolated particle. In current computational fluid dynamics (CFD) codes, force and torque models on the particles are not modified when they are very close to a wall. It will be shown in this work that the force and torque on a particle near a wall can be significantly different from those on an isolated particle. Therefore, the proposed new models will be useful for Lagrangian simulations of applications such as cyclone separators ( Song et al., 2016 ) . In order to develop the models for hydrodynamic force and torque for particle motions in a fluid at low Reynolds numbers, superposition of four simple motions of two isolated spheres is usually used to analyze their lubrication forces and torques ( Dance and Maxey, 2003; Rosa et al., 2011 ) . The four simple motions consist of (i) a sphere translating normally to another sphere, (ii) two spheres translating along the direction perpendicular to the line connecting their centers, (iii) two spheres rotating around the line connecting their centers, (iv) two spheres rotating around the direction perpendicular to the line connecting their centers. For a sphere translating towards a stationary sphere, Jeffrey (1982) combined the work of Cooley and O'Neill (1969) with numerical calculations and deduced a brief formula proportional to ε −1 for normal force acting on the moving sphere. For the other three motions, Jeffrey and Onishi (1984) extended the work of O'Neill and Majumdar (1970) and obtained asymptotic expressions of the forces and torques acting on the spheres. Above all, the formulae were obtained based on the assumption of Stokes flow. The asymptotic formulae of the lubrication force and torque for the four simple motions are suitable for two spheres of different radii. When the radius of one of the two spheres tends to be infinite, the larger sphere could be regarded as a plane wall. Then the asymptotic formulae for two particles turned into the theoretical expressions of lubrication force and torque acting on a moving sphere near a plane wall ( Dance and Maxey, 2003 ) .
The theoretical expressions of lubrication force and torque are suitable for fluid flow at vanishing particle Reynolds numbers. However, there are many practical situations related to the motion of particles in fluid flow at finite particle Reynolds numbers. As for the particles in channel flows, Uhlmann (2008) fully resolved the phase interfaces by DNS with an immersed boundary method and García-Villalba et al. (2012) simulated turbulent flow in a vertical plane channel seeded with heavy spherical particles. Uhlmann and Doychev (2014) simulated the gravity-induced motion of finite-size particles in fluid in triply periodic domains. The particle Reynolds numbers of the flows are greater than 100. They used the repulsive force mechanism to recover the close particle-particle hydrodynamic interaction. Zeng et al. ( 2008; considered the turbulent channel flow over an isolated particle with variable sizes and locations. There are also pipe flows laden with particles, such as the experimental study of turbulent flow driven by particles in pipe flows ( Belt et al., 2012 ) and the gassolid flows in wall-bounded vertical risers ( Laín and Sommerfeld, 2012; Lu et al., 2013; Wang et al., 2013 ) . In addition, Lucci et al. (2010) numerically simulated the turbulent flow around moving spherical particles dispersed in a decaying isotropic turbulent flow. Yeo et al. (2010) investigated the modulation of isotropic turbulent flows induced by spherical bubbles, neutrally buoyant particles and slightly inertial particles. They also used the repulsive force between the particle surfaces when the gap is less than a critical value. In current large-eddy simulation of particle-laden channel flows, the unresolved sub-grid scale motion might affect the particle-wall interaction ( Bianco et al., 2012 ) . The contributions of the sub-grid scale fluid motions on particle-wall interaction can be partially modeled by constructing particle sub-grid scale model based on the space-time correction theory ( He et al., 2002; Yang et al., 2008; Zhao and He, 2009 ) .
The experimental investigations and numerical simulations described above are related to particle-particle and particle-wall hydrodynamical interaction at finite particle Reynolds numbers. The typical particle Reynolds numbers are respectively listed in Table 1 .
Illustrated in Table 1 is the range of particle Reynolds numbers in many situations, the range is about O (10) ∼ O (100). Although the local particle Reynolds number near the wall can be reduced by the hydrodynamic force, the effects of finite particle Reynolds number will have to be considered. Experimental studies show that when the particle Stokes number
is larger than a critical value, St * = 10 , the particle will approach the wall with a finite velocity and rebound back, where τ p is particle relaxation timescale and τ f is a characteristic timescale of the flow ( Gondret et al., 2002; Joseph et al., 2001 ) . Using the method of matched asymptotic expansions, Cox and Brenner (1967) considered the contribution of fluid inertia at a small but finite particle Reynolds number to the lubrication force by multiplying the Stokes drag force with a dimensionless friction factor f zz ( ε),
where ε 1 and εRe p 1 and the particle approaches the wall with a constant speed. The moving conditions of a particle at constant translational or rotational speeds are also applied in this work. Liu and Prosperetti (2010) considered a sphere rotating at Re ≤ 200 near one or two infinite plane walls parallel or perpendicular to the axis of rotation and studied the centrifugal, inertial and viscous effects on the hydrodynamic force and torque acting on the sphere. Here, the rotational particle Reynolds number is defined as
where is the angular velocity of the sphere. Tagawa et al. (2013) investigated the wall effect on a repulsive force act- Table 1 Typical particle Reynolds numbers in the particle-fluid two-phase flows in literatures.
References
Types of flows Re p Kim and Balachandar (2012) An isolated finite-sized particle subjected to isotropic turbulent cross-flow 100, 250, 350 Zeng et al. (2010) A finite-sized stationary particle in a channel flow of modest turbulence 40 ∼ 450 Lucci et al. (2010) Finite-sized solid spherical particles in decaying isotropic turbulence O (10) (65/75/280) Belt et al. (2012) Particle-laden secondary flow in turbulent pipe flows 110, 217 Xu and Bodenschatz (2008) Particles in intense turbulent water flows 22, 35, 55 Kidanemariam et al. (2013) Horizontal open channel flow with finite-size, heavy particles 15 ∼ 20 Laín and Sommerfeld (2012) Pneumatic conveying of spherical particles in horizontal ducts 40 Dorgan and Loth (2004) Particles released near the wall in a turbulent boundary layer 10 −5 ∼ 30 Zeng et al. (2008) Turbulent channel flow over an isolated particle of finite-size 42 ∼ 295, 325/455 Tenneti and Subramaniam (2014) Gas-solid flows 20, 50 Wang et al. (2008) Sedimentation of 1, 2 or 105 particles in a channel flow about 17.3, 503 García-Villalba et al. (2012) Vertical plane channel flow with finite-size particles 132 Uhlmann (2008) Vertical particulate channel flow 136 Uhlmann and Doychev (2014) The gravity-induced motion of randomly distributed, finite-size, heavy particles in quiescent fluid in triply periodic domains ing on a sphere near the wall and experimentally study translational and rotational motion of a particle slightly heavier than the fluid in a rotating drum filled with water. Lin and Lin (2013) numerically studied the effects of finite particle Reynolds numbers up to Re p = 50 on the model for normal lubrication force on a particle moving towards a solid wall using the immersed boundary method. By fitting the numerical results, they proposed a model for the normal lubrication force. In this work, the models for both forces and torques on a particle with more general motions near a solid wall will be extended, including the translational and rotational motions at a wider range of particle Reynolds numbers. The lattice Boltzmann method is used to fully resolve the flow around the moving particle and calculate the hydrodynamic force and torque on it. The rest of paper is organized as follows: Section 2 describes the models for hydrodynamic force and torque in Stokes flow limit, and proposes new models at finite particle Reynolds numbers. The four types of simple particle motions are also described in order to obtain the coefficients of forces and torques. Section 3 introduces the numerical methods. The basic principles of the multiplerelaxation-time lattice Boltzmann method and the equations of particle motions are discussed. Section 4 shows the effects of computational domain size, grid-size convergence, comparison of current numerical results with previous studies and the coefficients of the new proposed models. The corrected formulae of the five independent coefficients of the models for hydrodynamic force and torque are described in detail. In Section 5 , the conclusions and applications about the models for the hydrodynamic force and torque at finite particle Reynolds numbers are presented.
Modeling hydrodynamic force and torque

Models for hydrodynamic force and torque in the Stokes flow limit
For a single particle moving near a plane wall in a Stokes flow, the linear resistance relations between the hydrodynamic force and torque on the particle and the translational and angular velocities of the particle can be expressed as ( Dance and Maxey, 2003 ) 
where i and j = 1 , 2 , 3 denote the y, x and z direction respectively in a reference frame attached to the wall, as shown in Fig. 1 , F i denotes the force along the axis i and T i denotes the torque about Table 2 The coefficients of hydrodynamic force and torque when a particle moves close to a solid wall in fluid flow at vanishing particle Reynolds number. In the ( Kim and Karrila, 2005 ) . Then Eq. (5) is simplified as
Thus, the five left unknown coefficients are A 11 , A 22 , B 23 , D 33 and D 11 . The five coefficients of hydrodynamic force and torque at vanishing particle Reynolds number are listed in Table 2 ( Dance and Maxey, 2003 ) .
New models for hydrodynamic force and torque at finite particle Reynolds numbers
In this subsection, the new models for force and torque are proposed when a particle moves near a solid wall at finite particle Reynolds numbers whilst maintaining the form of formulae like Eq. (6) . Due to the inherent nonlinearity of the governing equations of the flow at finite particle Reynolds number, Eq. (6) is no longer valid in that case. The unknown coefficients in Eq. (5) are much more complex. On one hand, the coefficients in Eq. (6) depend on both particle Reynolds number and the dimensionless gap. On the other hand, the coefficients denoting the lift force induced by the presence of the wall will not be zero any more and vary with particle Reynolds number and the dimensionless gap. Zeng et al. (2005) have extensively studied the dependence of the wallinduced hydrodynamic lift force using an accurate spectral element method and found that two different regimes of the dependence of the lift coefficient on particle Reynolds number. We will check and validate our numerical method by comparing the results on lift coefficient of Zeng et al. (2005) in Section 4.3 . Here, we will focus on the dependence of leading coefficients of hydrodynamic force and torque on particle Reynolds number and the dimensionless gap in Eq. (6) using simple motions of a particle. Similar method has been used by researchers to propose drag models ( Lin and Lin, 2013; Liu et al., 2009 ) .
At finite particle Reynolds numbers, we could propose the following new models for the hydrodynamic force and torque on the particle,
In the new models, the coefficients A 11 , A 22 , B 23 , D 11 , D 33 are not only functions of the dimensionless gap ε, but also functions of the translational particle Reynolds number Re p or the rotational particle Reynolds number Re . In the following subsection, we shall present the procedure to obtain the coefficients of the new models for hydrodynamic force and torque using given simple motions of a particle near a solid wall.
Procedure to obtain the coefficients of the new models for hydrodynamic force and torque
In the motion of a finite-size particle in an otherwise quiescent ambient fluid bounded by solid walls at the bottom and four lateral side walls, four simple types of particle motion near the solid wall at the bottom as shown in Fig. 1 are used to obtain the models for hydrodynamic force and torque at finite particle Reynolds number: (1) particle moving along y axis normal to the bottom wall ( Fig. 1 (a) ), (2) particle moving along x axis parallel to the bottom wall ( Fig. 1 (b) ), (3) particle rotating around z axis parallel to the bottom wall ( Fig. 1 (c) ), (4) particle rotating around y axis normal to the bottom wall ( Fig. 1 (d) ). The procedures of above mentioned four simple types of particle motion to be considered are illustrated in detail as follows:
Particle moving normal to the wall ( U
The particle starts to move along y axis normal to the wall with a constant acceleration from a zero velocity, as depicted in Fig. 1 (a) . It moves at a constant speed after its velocity reaches a prescribed value. When the gap size between the particle and wall is small enough, we resolve the hydrodynamic force and calculate the coefficient A 11 as a function of Re p and ε
Particle moving parallel to the wall ( U
The particle starts to accelerate along x axis parallel to the wall with a constant acceleration from a zero velocity, as depicted in Fig. 1 (b) . It moves at a constant speed after its velocity reaches a prescribed value. We set different gaps between the particle and wall. The coefficient A 22 as a function of Re p and ε could be calculated with
Particle rotating around an axis parallel to the wall ( U
The particle firstly rotates around z axis with a constant angular acceleration from a zero angular velocity, as depicted in Fig. 1 
(c).
It keeps rotating at a constant angular velocity after its angular velocity reaches a prescribed value. We set different gaps between the particle and wall. The coefficients B 23 and D 33 could be calculated with
Particle rotating around an axis normal to the wall ( U
The particle starts to rotate around y axis with a constant angular acceleration from a zero angular velocity, as depicted in Fig. 1 (d) . It keeps rotating at a constant angular velocity after its angular velocity reaches a prescribed value. We set different gaps between the particle and wall. The coefficient D 11 as a function of Re and ε could be calculated with
Numerical method
The lattice Boltzmann method has been a popular numerical method for dynamical coupling between solid and fluid with complex geometrical boundaries ( Rong et al., 2008; Zhu et al., 2011; Qi et al., 2014; Wu et al., 2014 ) . In this work, the multiple-relaxationtime lattice Boltzmann method (MRT-LBM) is used to simulate the flow induced by a moving finite-size particle. The particle moves according to a prescribed acceleration or velocity as shown in Fig. 1 , therefore, the coefficients from the force and torque on the particle can be calculated. Besides, different particle Reynolds numbers and gaps between the particle and wall in the parameter space are set { Re p , Re , ε}.
Lattice Boltzmann method
The MRT-LBM applies multiple relaxation times in collision process. At each lattice point x and time t , the mesoscale distribution function f ( x , t ) is governed by ( d 'Humieres et al. (2002) 
where f ( x , t ) is a vector indicating the distributions of lattice particle. In the D3Q19 discrete velocity model, M is a 19 × 19 orthogonal transformation matrix which converts the distribution function f from the discrete velocity space into the moment space m , where the collision relaxation is performed. m ( eq ) is the equilibrium value of the moment m , and δ t is the time step. The transformations between the particle velocity space and the moment space are
The macroscale variables are obtained from the moments of the distribution function f using
where u is the macroscale fluid velocity, ρ f 0 = 1 is the mean density, p is the fluid pressure, c s = 1 / √ 3 is the speed of sound, e i in the D3Q19 model shown in Fig. 2 can be expressed as
The elements of the transform matrix M can be found in d 'Humieres et al. (2002) . The 19 elements in m are
where the element m i (i = 0 , 1 , 2 , · · · , 18) respectively denote the fluid mass density ρ f , the part of the kinetic energy k 1 independent of the density, the part of the kinetic energy square k 2 2 independent of the density and kinetic energy, the momentum ρ f 0 u x , ρ f 0 u y , ρ f 0 u z , the energy flux q x , q y , q z , the stress tensor p xx , p ww , p xy and third order moment m x , m y , m z . The conserved hydrodynamic moments are the density and the momentum m 
where s 0 = s 3 = 0 for the conserved moments, and s 1 = 1 . 19 ,
98 , s 9 = s 13 = 1 / (3 ν + 0 . 5) for the non-conserved moments, ν is the kinematic viscosity of the fluid ( d 'Humieres et al., 2002 ) . With the speed of sound c s = 1 / √ 3 and s 9 = s 13 , the equilibrium values of the nonconserved moments are m
= 0 , where w ɛ , w ɛ j and w xx are free parameters. They are set to w ε = 0 , w ε j = −475 / 63 , and w xx = 0 for the optimized stability.
The following equilibrium distribution function is used to initialize the distribution function,
where the weight factor
Boundary condition
For convenient implementation, the bottom wall and side walls of the container are located half lattice unit away from the lattice points. In this case, the no-slip boundary condition is simply implemented using the classic mid-point bounce-back scheme. Likewise, the top free surface is located at half lattice unit away from the lattice points and the free-slip boundary condition is implemented by the perfect reflective bounce-back. The no-slip boundary condition between the moving particle surface and fluid is implemented using the quadratic interpolation scheme ( Bouzidi et al., 2001; Lallemand and Luo, 2003 ) . When the particle is close to the wall and if there are only two lattice points in the gap between surfaces, the linear interpolation scheme is used Bouzidi et al. (2001) . The interpolated bounce-back scheme produces a relatively smooth sphere surface instead of a staircase shaped surface when the mid-point bounce back scheme is used on the particle surface ( Ladd, 1994a; 1994b ) . It can also reduce the nonphysical fluctuation of the sphere surface due to the motion of the sphere relative to the fixed lattice grid points. When the gap becomes even smaller and there is only one lattice point in it, the simple bounce back scheme is used to calculate the unknown distribution functions.
In the simulation as documented in this work, the fluid lattice points are fixed in space while the solid spherical particle moves relative to the fixed lattice grids. A lattice node previously located inside the solid particle may become a fluid node due to the motion of the solid particle. The distribution functions for such new fluid nodes have to be constructed. In our simulation, all the 19 components of the distribution function for a new fluid node are constructed with an equilibrium distribution plus a nonequilibrium correction ( Caiazzo, 2008 ) . The equilibrium distribution part is calculated using Eq. (18) based on the velocity of the moving boundary of a particle u w and the fluid density, ρ f , averaged over all the existing fluid nodes in the immediate neighborhoods. The non-equilibrium part is obtained from a neighboring fluid node along the direction of a discrete velocity e i which maximizes the quantity e i ·ˆ n , where ˆ n is the local outward-normal vector of the moving boundary at the point through which the lattice node moves out to the fluid region ( Caiazzo, 2008 ) . Further details are given in Gao et al. (2013) .
Hydrodynamic force and torque
In this research work, the motion of particle with a prescribed velocity or angular velocity is being controlled. Then the hydrodynamic force and torque acting on the particle can be calculated using the theorem of impulse. In the conventional CFD methods, the hydrodynamic force is calculated by integrating the local stress over the particle surface which is calculated by spatial differentiations of the fluid velocity. An advantage of LBM is that the hydrodynamic force and torque acting on the solid particle is directly calculated based on the impulses exerted on the lattice fluid particles and the Newton's third law. The hydrodynamic force F hy acting on the solid particle is the summation of the loss of the fluid momentum, from t to t + δ t , on all the links cutting the solid particle surface. The torque T hy is the summation of the cross product of the local position vector relative to the center of the particle and the loss of fluid momentum over all boundary links. Namely,
where "bn" denotes summation over all the boundary links, e ī = −e i and ˆ f (x , t ) = f (x , t ) − M −1 · S · m − m (eq ) denotes the distribution function just after the collision (referred to the time step t + 0 . 5 δ t ), f ī (x , t + δ t ) denotes the distribution function after bounce-back collision with the solid particle surface at x and t + δ t , ˆ n i denotes the local outward-normal vector connecting the solid particle center and the point of intersection between the i link at x with the surface of the solid particle.
After obtaining the hydrodynamic force and torque acting to a particle, we update the particle transversal velocity V 
where M p denotes the mass of the particle and I p the moment of inertia of the particle, g the gravitational acceleration, ρ f 0 and ρ p fluid and particle density, respectively. For the four simple types of particle motion in this paper,
p + a p,r δ t are respectively the translational velocity and rotational velocity of the particle at time t and t + δ t , and a p, t and a p, r are the prescribed translational acceleration and rotational acceleration of particle to be accelerated to a given velocity from a zero velocity for the purpose of numerical stability. When the particle is accelerated to a prescribed value, it will translate or rotate with a constant velocity, V
= t p to obtain a statistically steady hydrodynamic force and torque.
Transformation between physical unit and lattice Boltzmann unit
To guarantee the numerical stability, we estimate the maximum value of fluid velocity to limit the Mach number of the flow such that max { u B }/ c s ≤ 0.15, where u B is the prescribed velocity of particle in lattice Boltzmann unit. The value of u B is set based on the balance between forces in steady settling process and obtain different particle Reynolds numbers by varying the kinematic viscosity in lattice Boltzmann unit.
The formula of drag force on the particle in Stokes flow is F = −6 πμRu . When the particle Reynolds number becomes large enough, the nonlinear drag formula becomes Clift et al., 1978 ) , u is the prescribed velocity of a particle. The drag force, gravity and buoyancy on the particle under the equilibrium condition satisfy:
where ρ p = 1500 kg / m 3 is the density of particle.
The velocity u in Eq. (25) can be solved using Newtonian iteration method and the particle Reynolds number will be computed. According to the dimensional analysis, the transformation of quantities between physical unit and lattice Boltzmann unit is depicted as
In Eq. (26) , the subscript "p " and "B " represent the physical and lattice Boltzmann unit respectively: d p = 6 mm , ν p = μ/ρ f , u p is the velocity in Eq. (25) , u B and d B = 2 r B = 50 are respectively the prescribed velocity and diameter of the particle in lattice Boltzmann unit. Besides, the rotational velocity of the particle is = u/R, where u is the maximum linear velocity at the surface of a rotating particle. Therefore we can obtain all physical parameters corresponding to different particle Reynolds numbers, as shown in Table 3 .
When the location, velocity, force and torque on a particle are obtained, we then apply Eqs. (8) - (11) in Section 2 to compute the coefficients of hydrodynamic force and torque.
Results and discussions
Computational domain size
Before proposing new models for hydrodynamic force and torque at finite particle Reynolds numbers, a compromise between the computational domain size and the needed computational cost have to be made. It's necessary to guarantee that the domain size has little influence on the results. Therefore, the results are checked by varying the computational domain size and fixing all other parameters. We make comparisons of the coefficients of hydrodynamic force and torque for different computational domain sizes, depicted as Figs. 3 and 4 . The three-dimensional sizes of computational domain are respectively denoted as L x , L y and L z in lattice Boltzmann unit.
In Fig. 3 , the different lines denote the coefficient A 11 versus the dimensionless gap ε under the condition of computational do- 6.6, 8, 9 , and 10 for the particle moving along y axis normal to the wall at Re p = 140 . 719 . d B = 50 denotes the resolution of particle diameter in lattice Boltzmann unit. In this type of particle motion, y -direction is the direction of particle motion and the value of L y is determined by the prescribed particle velocity and number of time steps. The symbol ε = n g /r B denotes the dimensionless gap scaled by the radius of particle, n g and r B are the resolution of gap and particle radius in lattice Boltzmann unit. There is only a negligible difference between the curves of
is a feasible size for the type 1. Fig. 4 shows the curves of A 22 of a particle moving along x axis in the flow domain at Re p = 30 . 500 in type 2. The different lines denote the curves of L z / d B = 4, 5 and 6 with L y / d B = 4. The gap size between the particle and the wall is 0.75. At the beginning of the curves, the value of A 22 rapidly increases because the particle moves along x axis with a constant acceleration. Then the particle moves at a constant velocity after reaching a prescribed value and the coefficient A 22 tends to be steady. The curves with x -coordinate from 150 to 300 are steady, where the equilibrium value of A 22 under stationary state could be obtained. From Fig. 4 , the value of L z / d B can be set to 4.
After making comparisons, we can obtain optimal 3D sizes of computational domain for all types of particle motions. For the type 3, we set
Grid-size convergence
In order to obtain a grid-size independent result, the grid-size convergence is studied. For the particle of d p = 2 R = 6 mm rotating around y and z axes in fluid flow at Re = 140 . 719 , a dimensionless gap ε = h/R = 0 . 04 is fixed, which means the gap in physical unit is h = 0 . 12 mm . In the simulations, the grid resolutions of particle radius are r B = d B / 2 = 20 , 25 , 35 , 50 , corresponding to the grid resolution for the gap between the particle and the wall n g = 0 . 8 , 1 . 0 , 1 . 4 , 2 . 0 respectively. In Figs. 5 and 6 , the coefficients B 23 , D 33 and D 11 as functions of d p / x and n g are shown, where d p / x is used as the lower horizontal axis, n g is used as the upper horizontal axis, and x denotes the grid size. The particle resolution of d p / x = d B = 50 can correctly compute the coefficients D 33 and D 11 with the errors of 1.8% and 0.9% respectively comparing to d p / x = 100 . For the coefficient B 23 , the small errors between different resolutions is also negligible. Therefore the grid resolution of d p / x = 50 is used to resolve the fluid flow and obtain the hydrodynamic force and torque. Zeng et al. (2005) have extensively studied the lift force induced by a wall by performing particle-resolved direct numerical simulations of a rigid sphere translating parallel to a flat wall in an otherwise quiescent ambient fluid, which is the same as the second type of particle motion in this paper. In order to validate the accuracy of the current simulation method and results, we shall compare our simulation results with the data of Zeng et al. (2005) . The grid resolution of particle radius is set to r B = 15 and the computational domain is given by 600 × 210 × 300. The drag and lift coefficients are defined as follows:
Coefficients of drag and lift forces induced by a wall
where F D and F L are the drag force and lift force on the particle, respectively. Eq. (28) defines rescaled distance from the particle to the wall, L * , by the particle Reynolds number. Fig. 7 shows the drag and lift coefficients obtained from the present simulations and the results of Zeng et al. (2005) . The solid line in Fig. 7 (a) ( Clift et al., 1978 ) . Obviously, for all separations ( L = 0 . 75 , 1 , 2 ) good agreements can be observed for different particle Reynolds numbers and different L * between the present simulations and the results of Zeng et al. (2005) . The collapses between the current simulations and the results obtained from the spectral element method validate the accuracy of current lattice Boltzmann method.
Gravity-driven settling of a particle
In order to directly evaluate the particle motion and the fluid flow induced by the particle, we simulate a gravity-driven particle settling process and compare the simulation results with the experiments carried out by ten Cate et al. (2002) . In the experi- Table 4 , where the terminal velocity of a particle in an infinite medium v p, t is determined by a relation for the drag coefficient, C d = 24(9 . 0 6 / Re p + 1) 2 / 9 . 0 6 2 with Re p = d p v p,t /ν. In our simulation, 15 lattice grids are used to resolve the particle diameter. Fig. 8 shows the vertical velocities V p, y of the particle from the moment of release for Case E1 and Case E4. The numerical results are in excellent agreement with the experimental data. We observe four different phases in the settling process: (a) the acceleration phase from rest due to the gravity, (b) the steady falling phase when the hydrodynamic force balances the effective gravity force (gravity minus the buoyancy force), (c) the deceleration phase due to the hydrodynamic pressure when the gap between the particle and the bottom wall becomes small, and (d) the final phase as the solid particle gradually loses its momentum at the bottom of the tank due to the viscous energy dissipation in the fluid.
The time history of the fluid velocity at a fixed location is compared with the experimental data in Figs. 9 and 10 . The monitor point is positioned at one diameter from the bottom and one diameter from the vertical center line of the container in x direction. The squeezing action of the particle pushes the liquid at the monitor point to move outwards with a positive peak ( Fig. 9 ) . After the vortex induced by the particle passes the monitor point, the fluid velocity at this point decreases. The fluid comes to rest very quickly after the particle comes to rest in Case E1, while in Case E4 a much larger wake forms due to the higher Reynolds number and the velocity slowly decays after the particle touches the bottom. Our simulations also well capture the vertical component of the fluid velocity due to downward motion of the particle ( Fig. 10 ) . Depending on the position of the vortex center relative to the monitor point and the particle center, the vertical velocity has different transient behaviors. In Case E1, the Reynolds number is low and the region of the momentum diffusion in lateral direction is large during particle settling, the monitor point lies between the particle and the vortex center, thus the vertical velocity does not change sign. In Case E4, the Reynolds number is high and the region of momentum diffusion in lateral direction is small during particle settling, the monitor point lies on the right of vortex center, thus the vertical velocity changes its sign when the vortex center passes the monitor point ( ten Cate et al., 2002 ) . The good agreements between the simulation results on particle motion and the fluid flow induced by the falling particle and the experimental data further validate the accuracy of the simulation method used in this study.
Models for the hydrodynamic force and torque
Particle moving normal to the wall
Firstly examined is the case that a spherical particle moves normal to the wall in the quiescent fluid. Figs. 11 and 12 plot the pressure contours and velocity vectors on the symmetry plane ( z = L z / 2 ) for four distinct particle locations at ε = 1 . 8 , 0 . 2 , 0 . 12 , 0 . 04 when the particle moves in fluid flow at Re p = 140 . 719 . Fig. 11 shows that the highest and lowest pressures occurred at the front and the rear stagnation point of the sphere, respectively. In Fig. 11 (a) , the pressure contour is similar to that developed around the sphere in uniform flow without any solid boundary. When the particle moves closer to the wall, the pressure gradient in the interstitial liquid between the particle surface and the wall increases correspondingly to drive the flows. The high pressure gradient in the small gap increases the deformation of the pressure contours and the streamlines in Figs. 
(b)-(d) and 12 (b)-(d).
Furthermore, the relative velocity vector field (u f − U, w ) is used to generate the streamlines that would be observed along a reference frame moving with the sphere when ε = 1 . 8 as shown in Fig. 13 . For different dimensionless gap ε and Re p , the numerical values of coefficient A N 11 are calculated using Eq. (8) , shown in Fig. 14 (a) with discrete symbols. The models for A 11 expressed with ε and Re p through data fitting could be obtained, as shown in Eq. (29) . Eq. (30) is simply derived from Eq. (29) . Here and hereafter, the superscript "T " denotes theoretical results listed in Table 2 .
In Fig. 14 (a) , Eq. (29) is plotted with the curves of A 11 as a function of ε at different particle Reynolds numbers. For each curve, the absolute value of coefficient A 11 increases with decreasing ε.
When Re p is close to zero, the corrected formula of A 11 is consistent with the theoretical expression listed in line 2 of Table 2 . The particle Reynolds number has a significant impact on the coefficient A 11 . For a given ε, the absolute value of A 11 increases with Re p monotonically. Fig. 14 (b) shows the normalized coefficient A * 11 using the dimensionless gap as a function of Re p according to Eq. (30) . The results of A *
11
versus Re p collapse into a line with a slope of 1, demonstrating the accuracy of data fitting. Lin and Lin (2013) have numerically studied the effects of finite particle Reynolds numbers up to Re p = 50 on the drag coefficient on a particle moving towards a solid wall using the immersed boundary method. They used the Stokes force −6 πμRU on the particle to obtain drag coefficient and proposed the following 140 . 719 , u f and U are respectively the fluid velocity and particle falling velocity in the negative y -direction at ε = 1 . 8 . correlated formula to the drag coefficient 30 . 500 . There is a small discrepancy between the corrected formula proposed in the present work and that of Lin and Lin (2013) . However, the drag coefficient given in Eq. (3) proposed by Cox and Brenner (1967) coincides well with the corrected formula proposed in the present work. It seems that the asymptotic expression based on ε 1 and εRe p 1 proposed by Cox and Brenner (1967) has a wider application range shown in Fig. 15 than the theoretical limitation εRe p 1.
Particle moving parallel to the wall
For the other three types of particle motion, the gap between the particle and the wall are set to 0.5, 0.75, 1.0, 1.5, 2.0, and 4.0 at different particle Reynolds numbers. Fig. 16 shows the plots of Eqs. (32) and (33) . (31) proposed by Lin and Lin (2013) ; dash dot line with symbols: Eq. (3) proposed by Cox and Brenner (1967) ; long dash line: the corrected formula given in Eq. (29) proposed in the present work.
In Fig. 16 (a) , the curve of corrected formula of A 22 agrees with the curve of theoretical expression listed in line 3 of Table 2 when Re p vanishes. With the increasing of Re p , the absolute value of A 22 increases for a given ε. For different Re p , the numerical values of A 22 denoted with discrete symbols are all close to the curves of the corrected formula. Similar to Fig. 14 (b) , the collapse of all lines at different particle Reynolds numbers in Fig. 16 (b) confirms that Eq. (32) is capable of capturing the effect of particle Reynolds number on A 22 .
Particle rotating around z axis
In 
It is observed that the curves of corrected formulae of B 23 and D 33 agree with the curves of the theoretical expressions listed in lines 4 and 5 of Table 2 at Re → 0 . For a given ε, the absolute value of D 33 increases with Re monotonically as shown in Fig. 18 (a) , but the value of B 23 decreases with the increasing of Re in Fig. 17 (a) . It is very interesting that when Re is small, the value of B 23 is positive, and then it becomes negative with increasing Re . At small rotational particle Reynolds numbers and sphere-wall gap widths, the viscous stresses are large and the rotation of sphere is impeded by the wall, and the force F x is negative. At large rotational particle Reynolds numbers, the pressure gradient that develops along the gap between the sphere surface and the wall dominates over the viscous stress on the sphere surface, which is strong enough to deflect the force F x . With the increasing of sphere-wall gap width, the viscous effect becomes less important and the value of F x becomes positive at intermediate rotational particle Reynolds numbers. This argument is carefully analyzed by using the decomposition of the force on the particle as follows.
To figure out why the coefficient B 23 varies from a positive value to a negative one with increasing Re , we focus upon a value 159, 10.368, 30.500, 72.202, 140.719, 236.153, 297.148 and 370.263 of ε = 0 . 16 and compute the force F x using the velocity and pressure fields by surface integration. Fig. 19 plots the pressure contours on the plane ( z = L z / 2 ) when the particle rotates around z axis located at ε = 0 . 16 in fluid flow at Re = 3. 516, 10.368, 30.500, 72.202, 140.719 and 236.153 respectively.
In Fig. 19 , the contours are asymmetric along z axis and z = L z / 2 is the plane of symmetry, the values of pressure on the left side of particle are larger than that on the right side at different Re . The surface of particle is divided into many small surface elements of spherical coordinate. The pressure integration on the particle can be simply computed using the pressure field. Meanwhile, the viscous stress on each surface element can be computed using velocity gradient field. The viscous force on the particle is obtained using superposition of the product of viscous stress and surface area. The contribution of viscous force and pressure to the coefficient B 23 on the particle can be obtained as shown in Fig. 20 . It is clear that the total value of B 23 computed by the velocity and pressure fields is close to the value computed using LBM. The coefficient B 23 varies from a positive value to a negative one mainly due to its dramatic increasing of contribution of pressure. Lee and Balachandar (2010) have considered the case of a particle rotating around x axis parallel to the wall in quiescent ambient fluid. Note that the rotational particle Reynolds number was defined as Re = ˜ d 2 /ν = 2 Re in their work, with ˜ the angular velocity of particle. The rotational drag and moment coefficients on the particle were defined as follows:
Re , 
Validation
Particle's general motions
After obtaining the models for the hydrodynamic force and torque through four simple motions of particle, it is necessary to validate the accuracy of the models through particle's general motions to study the effects of the nonlinear coupling characteristics of fluid flow on particle motions.
For the first example, parameters are set to Re p = 30 . 500 and
02 , where v x , v y are respectively velocity of xdirection and y -direction. This is the particle's composite motion of the first and second types in Section 2.3 . The coefficients A 11
and A 22 as a function of ε are both depicted in Fig. 24 .
In Figs. 24-26 , the dash line and the solid line respectively denote the curves of theoretical expressions in Stokes flow limit and the proposed models. The gradient symbols denote the numerical results. In Fig. 24 , it can be observed that the coefficients in particle's composite motion are much closer to the proposed models than the theoretical expressions in the Stokes flow limit, which denotes that the corrected formulae can significantly improve the prediction of A 11 and A 22 of a particle in a general motion.
For the second example, parameters are set to Re = 140 . 719 and y = z = 0 . 002 , where y , z are respectively angular velocity of the particle rotating around y and z axis. This is the particle's composite motion of the third and fourth types in Section 2.3 .
The plots of coefficients B 23 , D 33 and D 11 versus ε are depicted in Fig. 25 . Fig. 25 shows that the numerical results of B 23 , D 33 and D 11 for the particle's composite motion coincide well with the proposed models, demonstrating that the proposed models are applicable for the general motion of a particle.
For the third example, parameters are set to Re p = Re = 166 . 986 , v x = 0 . 025 * √ 2 and y = 0 . 001 * √ 2 , which represents a more general case with both translational and rotational motions. This is the particle's composite motion of the second and fourth types in Section 2.3 . The coefficients A 22 and D 11 versus ε are plotted in Fig. 26 .
Considering the effects of inherent nonlinearity of the governing equations of the flow at finite particle Reynolds number, we get a reasonable agreement between the proposed models and the numerical data compared with the linear lubrication theory, as shown in Fig. 26 . 
The validation of proposed models through comparison with previous modeling results
For further validation of the proposed models, we shall compare the corrected formulae with the modeling results by Lee and Balachandar (2010) and Lee et al. (2011) . In this case, the hydrodynamic force on a finite-sized particle undergoing both translation along x axis and rotation around z axis in quiescent ambient fluid close to the wall was studied using an immersed boundary technique ( Lee and Balachandar, 2010; Lee et al., 2011 ) . According to Lee and Balachandar (2010) , the translation Reynolds numbers is defined as Re p = ˜ V p d /ν, with ˜ V p the translational velocity of the particle. The translational drag coefficient on the particle is defined as 
In the current model, we can relate the drag coefficient C Dt on a particle with both translational and rotational motions as (44) , which coincide well with the drag correlation Eq. (43) without including translation-rotation coupling term g t proposed by Lee and Balachandar (2010) and denoted as thin lines. The drag coefficients obtained from the present numerical simulations, which include the translation-rotation coupling effects, are shown with symbols. It can be observed that the translation-rotation coupling effects could be ignored over the parameter range considered and the results obtained from particle's general motion of translation-rotation using the lattice Boltzmann method are validated.
Conclusions
In this paper, the models for the hydrodynamic force and torque acting on a particle moving near a solid wall in a viscous fluid at finite particle Reynolds numbers are proposed. The conventional lubrication theory for force and torque is based on the assumption of Stokes flow at vanishing particle Reynolds number, which is not suitable for general situations at finite particle Reynolds numbers. Therefore, this paperwork is aimed to consider the effects of finite particle Reynolds numbers on the hydrodynamic force and torque. The multiple-relaxation-time lattice Boltzmann model is used to simulate the flow field induced by the prescribed motion of a finite-size spherical particle moving at a given particle Reynolds number. The method is extensively validated using previous numerical and experimental data. The resolution is up to 50 grids per particle diameter. Given different particle Reynolds numbers and gap sizes between the sphere and the wall, we can compute the coefficients of hydrodynamic force and torque. The results show that the effects of finite particle Reynolds number have a significant impact on the coefficients of hydrodynamic force and torque at a given gap.
We obtain the models for the hydrodynamic force and torque, as shown in Eqs. (29) , (32), (34), (36) and (40) respectively. When the particle Reynolds number is close to be zero, the values of coefficients as a function of ε all approach the conventional lubrication theory. For a given ε, the absolute values of coefficients A 11 , A 22 , D 33 and D 11 increase with particle Reynolds number monotonically, while the coefficient B 23 varies from a positive value to a negative value. To understand this variation in B 23 , we compute the individual component of forces along the x axis on the particle by integrating the viscous stress and pressure over the particle surface when it rotates around the z axis in the fluid flow at increasing Re . It is discovered that the coefficient B 23 varies from a positive value to a negative value mainly due to the asymmetric distribution of pressure. The asymmetric distribution of pressure leads to a rapid increase of negative contribution to B 23 .
We further validate the new developed models for the hydrodynamic force and torque, not only by numerically calculating particle's general motions but also by comparing with available models from literature. Those validations demonstrate that the proposed models can be used in general motions in which the fluid motions in different directions induced by the particle moving at finite particle Reynolds number are coupled. The proposed models for the hydrodynamic force and torque can be used as sub-grid models in any PR-DNS simulation approaches where the flow in the gap between the particle and wall can not be sufficiently resolved, and in Lagrangian simulations of particle-laden flows where particles are very close to a wall, such as particles in cyclone separators.
